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Exercise Solve the Cauchy problemut = uxx x ∈ R, t > 0u(x, 0) = sin x x ∈ R
then use formula (Hs) to infer the integration formula∫ +∞
−∞
e−s
2
cos(as)ds =
√
pi e−a
2/4, ∀a ∈ R
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u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
sin(x+ 2s
√
t)ds
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u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
sin(x+ 2s
√
t)ds
Use sin(α + β) = sinα cos β + cosα sin β so that the integrand is
e−s
2
sin(x+ 2s
√
t) = e−s
2
(
sinx cos(2s
√
t) + cos x sin(2s
√
t)
)
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u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
sin(x+ 2s
√
t)ds
Use sin(α + β) = sinα cos β + cosα sin β so that the integrand is
e−s
2
sin(x+ 2s
√
t) = e−s
2
(
sinx cos(2s
√
t) + cos x sin(2s
√
t)
)
then observe that s 7→ e−s2 cosx sin(2s√t) is odd, thus
u(x, t) =
sinx√
pi
∫ ∞
−∞
e−s
2
cos(2s
√
t)ds
4/24 Pi?
22333ML232
So up to now we know that solution of (1) has the form
u(x, t) =
sinx√
pi
y(t)
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So up to now we know that solution of (1) has the form
u(x, t) =
sinx√
pi
y(t)
But we now that ut = uxx must hold and on the other side
ut =
sinx√
pi
y′(t), uxx = −sinx√
pi
y(t)
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So up to now we know that solution of (1) has the form
u(x, t) =
sinx√
pi
y(t)
But we now that ut = uxx must hold and on the other side
ut =
sinx√
pi
y′(t), uxx = −sinx√
pi
y(t)
We have shown that y(t) =
∫ ∞
−∞
e−s
2
cos(2s
√
t)ds solves the initial
value problem y′(t) = −y(t)y(0) = √pi
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So up to now we know that solution of (1) has the form
u(x, t) =
sinx√
pi
y(t)
But we now that ut = uxx must hold and on the other side
ut =
sinx√
pi
y′(t), uxx = −sinx√
pi
y(t)
We have shown that y(t) =
∫ ∞
−∞
e−s
2
cos(2s
√
t)ds solves the initial
value problem y′(t) = −y(t)y(0) = √pi
therefore y(t) =
√
pie−t and then u(x, t) = sin xe−t
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Exercise Solve the Cauchy problem for the heat equationut = uxxu(x, 0) = x2 + x
5/24 Pi?
22333ML232
Exercise Solve the Cauchy problem for the heat equationut = uxxu(x, 0) = x2 + x
Solution is given by the formula
u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
f(x+ 2s
√
t)ds (Hs)
where f(x) = x2 + x
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Exercise Solve the Cauchy problem for the heat equationut = uxxu(x, 0) = x2 + x
Solution is given by the formula
u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
f(x+ 2s
√
t)ds (Hs)
where f(x) = x2 + x
The integrand is e−s
2 (
4s2t+ 4s
√
tx+ 2s
√
t+ x2 + x
)
thus eliminat-
ing the odd part of it we arrive at
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u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2 (
4s2t+ x2 + x
)
ds = x2 +x+
4t√
pi
∫ ∞
−∞
s2e−s
2
ds
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u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2 (
4s2t+ x2 + x
)
ds = x2 +x+
4t√
pi
∫ ∞
−∞
s2e−s
2
ds
Imposing ut = uxx we see that
4√
pi
∫ ∞
−∞
s2e−s
2
ds = 2
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u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2 (
4s2t+ x2 + x
)
ds = x2 +x+
4t√
pi
∫ ∞
−∞
s2e−s
2
ds
Imposing ut = uxx we see that
4√
pi
∫ ∞
−∞
s2e−s
2
ds = 2
thus ∫ ∞
−∞
s2e−s
2
ds =
√
pi
2
Hence solution is u(x, t) = 2t+ x2 + x
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General parabolic equations constant coefficients
A linear parabolic equation of the form
vt = vxx + avx + bv, (p)
can always be reduced to the heat equation
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Theorem Solution of (p) is given by
v(x, t) = e(b−a
2/4)te−(a/2)xh(x, t) (s)
where
ht = hxx (h)
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Theorem Solution of (p) is given by
v(x, t) = e(b−a
2/4)te−(a/2)xh(x, t) (s)
where
ht = hxx (h)
Proof. We seek for solution of Eq. (p) of the form
v(x, t) = eαteβxh(x, t) (a)
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vt = e
αteβx (αh+ ht)
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vt = e
αteβx (αh+ ht)
vx = e
αteβx (βh+ hx)
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vt = e
αteβx (αh+ ht)
vx = e
αteβx (βh+ hx)
vxx = e
αteβx
(
β2h+ 2βhx + hxx
)
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vt = e
αteβx (αh+ ht)
vx = e
αteβx (βh+ hx)
vxx = e
αteβx
(
β2h+ 2βhx + hxx
)
so that vt − vxx − avx − bv is
eαteβx
[
ht − (b− α + aβ + β2
)
h− (a+ 2β)hx − hxx]
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vt = e
αteβx (αh+ ht)
vx = e
αteβx (βh+ hx)
vxx = e
αteβx
(
β2h+ 2βhx + hxx
)
so that vt − vxx − avx − bv is
eαteβx
[
ht − (b− α + aβ + β2
)
h− (a+ 2β)hx − hxx]
so solving with respect to α and βa+ 2β = 0b− α + aβ + β2 = 0
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we find out 
α = b− a
2
4
β = −a
2
in such a way equation (p) is solved by
v(x, t) = e(b−a
2/4)te−(a/2)xh(x, t)
if ht = hxx
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Example. Solve the parabolic Cauchy problemut = uxx − 2uxu(x, 0) = xex
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Example. Solve the parabolic Cauchy problemut = uxx − 2uxu(x, 0) = xex
Solution to Cauchy problemut(x, t) = uxx(x, t) + aux(x, t) + bu(x, t) for t > 0, x ∈ R
u(x, 0) = f(x) for t = 0, x ∈ R
(Hc)
is
u(x, t) = e
(
b−a24
)
t
e−
a
2xh(x, t)
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where h(x, t) solves the heat equationht(x, t) = hxx(x, t)h(x, 0) = ea2xf(x)
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where h(x, t) solves the heat equationht(x, t) = hxx(x, t)h(x, 0) = ea2xf(x)
In such a way we have
h(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
e
a
2 (x+2s
√
t)f(x+ 2s
√
t)ds (Hs)
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where h(x, t) solves the heat equationht(x, t) = hxx(x, t)h(x, 0) = ea2xf(x)
In such a way we have
h(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
e
a
2 (x+2s
√
t)f(x+ 2s
√
t)ds (Hs)
Here a = −2, b = 0 so that we have to solve the initial value problem
for the heat equation ht(x, t) = hxx(x, t)h(x, 0) = x
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which solution is given by
h(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
(x+ 2s
√
t)ds = x
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which solution is given by
h(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
(x+ 2s
√
t)ds = x
Eventually solution to the given problem is
u(x, t) = xex−t
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Solution to Cauchy problemut(x, t) = cuxx(x, t) + aux(x, t) + bu(x, t)
u(x, 0) = f(x)
(Hc)
is
u(x, t) = e
(
b−a24c
)
t
e−
a
2cxh(x, t)
where h(x, t) solves the heat equationht(x, t) = chxx(x, t)h(x, 0) = e a2cxf(x)
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Risolvere il problema ai valori iniziali
ut = uxx + 4uxu(x, 0) = x2e−2x = f(x)
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Risolvere il problema ai valori iniziali
ut = uxx + 4uxu(x, 0) = x2e−2x = f(x)
u(x, t) = exp
((
b− a
2
4
)
t− a
2
x
)
v(x, t) con v(x, t) soluzione divt = vxxv(x, 0) = ea2xf(x)
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Risolvere il problema ai valori iniziali
ut = uxx + 4uxu(x, 0) = x2e−2x = f(x)
u(x, t) = exp
((
b− a
2
4
)
t− a
2
x
)
v(x, t) con v(x, t) soluzione divt = vxxv(x, 0) = ea2xf(x)
quindi u(x, t) = e−4t−2xv(x, t) con
vt = vxxv(x, 0) = x2
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Per trovare v(x, t) usiamo la formula di Green
v(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
f(x+ 2s
√
t)ds
con f(x) = x2
16/24 Pi?
22333ML232
Per trovare v(x, t) usiamo la formula di Green
v(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
f(x+ 2s
√
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e−s
2
(
x2 + 4s
√
t+ 4ts2
)
ds
16/24 Pi?
22333ML232
Per trovare v(x, t) usiamo la formula di Green
v(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
f(x+ 2s
√
t)ds
con f(x) = x2
v(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
(
x2 + 4s
√
t+ 4ts2
)
ds
v(x, t) =
1√
pi
∫ ∞
−∞
e−s
2 (
x2 + 4ts2
)
ds
16/24 Pi?
22333ML232
Per trovare v(x, t) usiamo la formula di Green
v(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
f(x+ 2s
√
t)ds
con f(x) = x2
v(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
(
x2 + 4s
√
t+ 4ts2
)
ds
v(x, t) =
1√
pi
∫ ∞
−∞
e−s
2 (
x2 + 4ts2
)
ds
v(x, t) =
1√
pi
(
x2
√
pi + 4t
√
pi
2
)
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Conclusione
u(x, t) = (x2 + 2t)e−4t−2x
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Variabili aleatorie Negli spazi di probabilita` il termine variabile
aleatoria indica una funzione misurabile.
Quindi se (Ω,A, P ) e` uno spazio di probabilita` allora X : Ω → R e`
una variabile aleatoria se per ogni a ∈ R l’insieme X−1 ([a,+∞)) e`
misurabile, cioe` X−1 ([a,+∞)) ∈ A
X−1 ([a,+∞)) = {ω ∈ Ω | X(ω) ≥ a} ∈ A
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Variabili aleatorie Negli spazi di probabilita` il termine variabile
aleatoria indica una funzione misurabile.
Quindi se (Ω,A, P ) e` uno spazio di probabilita` allora X : Ω → R e`
una variabile aleatoria se per ogni a ∈ R l’insieme X−1 ([a,+∞)) e`
misurabile, cioe` X−1 ([a,+∞)) ∈ A
X−1 ([a,+∞)) = {ω ∈ Ω | X(ω) ≥ a} ∈ A
Nelle applicazioni Ω rappresenta gli esiti di un esperimento aleato-
rio che possono essere osservati mediante misurazioni, che assegnano
valori numerici ai risultati. Nelle pratica ci si chiede sostanzialmente
quale sia la probabilita` che il valore della variabile aleatoria stia fra
preassegnati limiti
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Expectation
Se X e` una variabile aleatoria definita nello spazio di probabilita`
(Ω,A, P ) l’integrale (astratto)
E(X) =
∫
Ω
XdP
e` chiamato valore atteso (speranza matematica) di X
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E` possibile esprimere questo integrale astratto mediante un integrale
usando le densita`
E(X) =
∫ +∞
−∞
x fX(x)dx
con ∫ ∞
−∞
fX(x)dx = 1
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Densita` uniforme
Fissato un boreliano A ⊂ R di misura finita, la densita` uniforme e`
f(x) =
1
`(A)
1A(x) =

1
`(A)
se x ∈ A
0 altrimenti
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Densita` Gaussiana o Normale
f(x) =
1√
2pi σ
exp
(
−(x− µ)
2
2σ2
)
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Densita` Gaussiana o Normale
f(x) =
1√
2pi σ
exp
(
−(x− µ)
2
2σ2
)
-1 1 2 3 4
0.1
0.2
0.3
0.4
0.5
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Densita` di Cauchy
f(x) =
1
pi
1
1 + x2
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Densita` di Cauchy
f(x) =
1
pi
1
1 + x2
Densita` esponenziale
f(x) =
λe−λx se x ≥ 00 altrimenti
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Distribuzione Gamma
Si tratta di una famiglia di densita` indicizzata dai parametri λ, t > 0
in cui la distribuzione esponenziale e` il caso particolare corrispondente
a t = 1
f(x) =

1
Γ(t)
λtxt−1e−λx se x ≥ 0
0 altrimenti
in cui Γ(t) =
∫ +∞
0
xt−1e−xdx e` la funzione Gamma di Eulero
